The inventory of the populations of trans-Neptunian objects (TNO) has grown considerably over the last decade. As for other groups of small bodies in our solar system, TNOs are expected to have experienced a collisional evolution owing to their mutual impacts. The knowledge of the statistics of collisions, including determination of the rate of mutual collisions and the distribution of the impact velocity, is indeed a fundamental prerequisite for developing models of collisional evolution. We revised the evaluation of those statistical parameters for TNOs provided more than ten years ago on the basis of a much more limited sample of objects than currently available. We used the Canada-France Ecliptic Plane Survey (CFEPS) L7 model to extract an unbiased sample of orbits for TNOs, while the statistical parameters of impact are computed using a statistical tool. We investigated the statistics of impacts among TNOs for the whole population and for different dynamical subgroups. Moreover, we investigated the statistics of collisions between subgroups with crossing orbits. The peculiar dynamical behavior of objects in resonant orbits is taken into account. Our present computation of the probabilities of collision are 20% to 50% lower than previous estimates, while mean impact velocities turn out to be about 70% higher. For instance, the rate of collisions among Plutinos, expressed in terms of the so-called mean intrinsic probability of collision, results to be (3.90 ± 0.01) × 10 −22 km −2 yr −1 and the mean impact velocity is 2.46 ± 0.01 km s −1 . We also find that the distributions of impact velocities seem to be quite different from pure Maxwellian distributions. These results can be useful in developing models of the collisional evolution in the trans-Neptunian region.
Introduction
Since the discovery of 1992 QB1, the first object found beyond Neptune with the exception of Pluto (and its largest moon Charon), many discoveries and follow up surveys of that region have been carried on by different teams of researchers. In most cases observational and selection biases were present. The Canadian-France Ecliptic Plane Survey (CFEPS) was set up at the beginning of the past decade (Kavelaars et al. 2009; Petit et al. 2011; Gladman et al. 2012) , developing a discovery and follow-up strategy intended to minimize observational biases and to obtain a population of objects that can be considered representative of all dynamical classes of the trans-Neptunian region (also known as the Edgeworth-Kuiper belt, EKB). As a result of this observational effort involving researchers and facilities in many countries, we begin to understand the overall structure of the trans-Neptunian objects (TNO) populations in terms of dynamical features and absolute magnitude number distributions. Following the terminology introduced by the CFEPS, the TNOs can be roughly classified -from a dynamical point of view -as Resonant, Scattering and Classical or detached objects. This classification can be further divided into subclasses, as explained later.
A synthetic model was produced starting from the CFEPS observational data (CFEPS-L7), producing orbital and magnitude distributions corresponding to each dynamical class (Petit et al. 2011 ). In the analysis we present in this article, we have recovered the techniques explained in Dell' Oro & Paolicchi (1998a) and applied in Dell'Oro et al. (2001) to derive encounter probabilities and relative velocity distributions between objects belonging to the same classes and to different classes for which orbital crossing is possible.
The trans-Neptunian region

Dynamical structure of the trans-Neptunian region
We follow the convention stated in Gladman et al. (2008) . Based on orbital elements and dynamical behavior, the EKB can be divided into three broad orbital classes.
1. Resonant: objects currently in a mean motion resonance (MMR) with Neptune. 2. Scattering: objects which over 10 Myr forward in time integrations experience encounters with Neptune resulting in a variation of their semimajor axes by more than 1.5 AU. 3. Classical or detached belt: the rest of objects.
The classical belt can be further subdivided into:
3.a inner classical belt (ICB): objects with semimajor axes inside 3:2 MMR; 3.b main classical belt (MCB): objects whose semimajor axes are between the 3:2 and 2:1 MMRs; A&A 558, A95 (2013) 3.c outer belt (OB): objects with semimajor axes outside to the 2:1 MMR, with eccentricites smaller than 0.24; 3.d detached: objects with semimajor axes beyond the 2:1 MMR and eccentricities larger than 0.24.
The classical belt is also often divided into high-inclination and low-inclination objects. As described in Brown (2001), two distinct populations exist, one with a wide inclination distribution (the "hot" population) and another one with a narrow inclination distribution (the "cold"population), with both populations overlapping each other in inclination space. The CFEPS model has also found that the cold classical objects have two components, the stirred and kernel populations.
The CFEPS synthetic Edgeworth-Kuiper belt
The CFEPS model of the Kuiper belt (Petit et al. 2011 ) is an empirical parametric model that properly reproduces the observed orbital distribution of the trans-Neptunian region, once passed through the CFEPS survey simulator. The survey simulator takes a proposed EKB model, exposes it to the known detection biases of the CFEPS blocks, and produces simulated detections to be compared with the real detections. Starting from a simple parametrization of the intrinsic orbit and absolute magnitude distributions for the various components of the so-called classical belt, the CFEPS survey simulator determines which members of the population would have been detected by the survey. The orbital element distributions of the simulated detections are then compared to the CFEPS characterized sample. This process is iterated with models of increasing complexity until getting a model that provides a statistically acceptable match (no cosmogonic considerations are invoked). The result of this process is the CFEPS synthetic model 1 . This model has allowed the identification of dynamical structures in the main classical belt. There is clear evidence of a population with a wide inclination distribution (the hot population) superposed on top of a population with a narrow inclination component with two semimajor axis/eccentricity distributions (the stirred and kernel populations). The hot population is defined as a band in perihelion distance q essentially confined within the range 35 to 40 AU, with a soft exponential decay outside this range. The cold population of the main classical belt can be then split into two subcomponents, being aware that there is mixing with the low-inclination tail of the hot component. The stirred population has orbits drawn from a narrow-inclination distribution with semimajor axes starting at a = 42.5 AU and extending to a 47 AU, with a range of eccentricities that increases going to larger a. The stirred component does not contain the sharp density change at 44.5 AU. There are more low-i and moderate-e TNOs per unit semimajor axis, in the interval between 44 AU and 44.5 AU, than at smaller and larger semimajor axes, indicating that a third component is required. This component is a dense low-inclination concentration, the kernel, near a = 44 AU.
The purpose of this parametric model is to provide absolutely calibrated population estimates of the various subpopulations of the EKB. The CFEPS synthetic model is also useful for observational modeling of the region (Stark & Kuchner 2010) . The ability to provide a detailed quantitative comparison with a cosmogonic model is, however, the true power of the CFEPS survey. This is done by passing a proposed model of the current EKB distribution through the CFEPS survey simulator and then comparing this detection-biased model with the 
The distributions of TNO orbital elements
We have analyzed the distributions of the semimajor axes, eccentricities, inclinations and longitudes of the ascending nodes for all the dynamical populations identified by the CFEPS. Table 1 and Figs. 1 to 4 show such distributions. The most remarkable features of the orbital structure predicted by the CFEPS model are shortly summarized. The inner belt is characterized by a lack of inclinations between 8 and 18 degrees, approximately. There are no inner classical belt objects in this inclination range due to the fact that the ν 8 secular resonance is there and removes them all, as explained in Petit et al. (2011) . Also, eccentricities have very small values, within 0.1.
It is interesting to notice the semimajor axes overall structure of the main belt, as described by the CFEPS synthetic model. Dynamical classes are clearly confined there. The cold component of the belt starts at some 42.5 AU, including both stirred and kernel populations. The kernel population is well confined within approximately 0.6 AU, starting around 43.8 AU. The bimodality in eccentricity and inclination distributions reflects the presence of the hot and cold components themselves. The distributions of eccentricities and inclinations of the cold component (the stirred and kernel populations together) show a Maxwellianlike profile that instead is not present in the distribution of eccentricities of the hot component of the main classical belt. This may be related to a relaxation in the collisional evolution of the cold component, that is also characterized by remarkably lower values of inclinations (and eccentricities) with respect to the hot component.
In the outer belt, the main feature is a clear lack of low eccentricity orbits, likely related to their scattered origin due to A95, page 2 of 8 perturbations by giant planets in their early history (in agreement with Gomes et al. 2005) . A nearly exponential decrease of the number of objects at increasing semimajor axes is also clearly shown ( Fig. 1 ) down to some 500 AU. The inhomogeneous distributions of the longitudes of the ascending nodes -in particular in the case of the cold main classical belt -is an effect due to the way data are handled in the synthetic model. In fact, elements are generated in the invariable plane reference frame, but the L7 model is given in ecliptic J2000 reference frame. The invariable plane has an inclination about 1.5 degrees with respect to J2000 ecliptic plane with direction of ascending node at about 107.5 deg. For this reason the distribution of the ascending nodes, uniformly generated in the invariable plane, is clustered in ecliptic coordinates. The effect is larger for the cold population due to its smaller mean inclination, while for the other components it is practically invisible.
Methods in TNO collisional statistics
Statistical parameters
Our goal is to investigate the statistics of collisions among objects regardless of their size belonging to any given dynamical group and for objects belonging to different groups. The main information about collisions among orbiting bodies around a common attracting mass the Sun, in our case is their mean intrinsic probability of collision (Wetherill 1967) . In the simplified situation in which only two orbiting bodies with radii R 1 and R 2 (supposing them spherical) exist, the probability of collision is the average number per unit of time of the close approaches within a mutual distance that is less than the sum of their radii, R 1 +R 2 . From the knowledge of such intrinsic probabilities, more practical quantities can be derived in specific environments (e.g, the transneptunian belt, the asteroid belt, the Jupiter Trojan asteroids). Namely, the probability of collision, or more properly, the mean frequency of collision, that is the number of close approaches within a distance less than R 1 + R 2 occurring during a sufficiently long time T , divided by T . For a sufficiently long time we mean an interval of time during which all possible geometrical configurations of the system can come about. The probability of collision, avoiding the effect of the mutual gravitational attraction, is proportional to the geometrical cross section, that is the square of the sum of the radii. For definition, the intrinsic probability of collision P i is the probability of collision in the case R 1 + R 2 = 1 km, so that the probability of collision is simply (R 1 + R 2 ) 2 P i . The intrinsic probability of collision is usually expressed in units of km −2 year −1 , and depends only on the orbital configuration of the system, regardless the size distribution of the bodies.
When more than two orbits are taken into account, the mean intrinsic probability of collisions P i is computed. We follow the convention that P i for the collisions between a given "target" orbit and a group of "projectile" orbits is defined as the sum of the intrinsic probabilities of collision between the target orbit and each projectile orbit, divided by the number of projectile orbits. In a statistical form, if P i (x 0 , x) is the intrinsic probability of collision between the target orbit x 0 and the projectile orbit x (obviously P i (x 0 , x) = P i (x, x 0 )), then:
where ψ(x) is the normalized distribution of the projectile orbits. In the reasonable approximation (at least at first order of the study of the collisional evolution of systems like the transneptunian region) that the distribution of the orbits does not depend on the sizes of the objects, the total number of collisions per unit of time suffered by a given target and due to a given population of projectiles, in a given interval of sizes, is:
where R 0 is the radius of the target, R is the radius of the projectile and F(R) is the distribution of the radii of the projectiles. The integral is performed on the size interval of interest of the projectiles. In this way the same value of the mean intrinsic probability of collision can be used with different size distributions, provided that the orbital distribution is the same. When the collisions among a group of targets and a group of projectiles are addressed, the mean intrinsic probability of collision is the average of the single mean probabilities of collision computed for each target. In this case the mean intrinsic probability of collision is a representative value for the whole ensemble of targets. As far as the impact velocity U is concerned, we define it as the relative velocity of the projectile with respect to the target at the epoch of the close encounter, neglecting gravitational focusing effects. For a single orbit undergoing collisions with a population of background projectiles, we compute the distribution of U. In the case of a group of targets the statistical distribution of U is defined as the average of the single statistical distributions of U for each target weighted by the corresponding mean intrinsic collisional probability. From the distribution of the vector U, the distributions of the modulus U, of the radial (U R ), transversal (U T ) and normal (U N ) components are extracted, together with the mean value of the modulus U and its standard deviation σ(U), and the mean values of the modulus of the three components |U R |, |U T | and |U N |. More precisely, if e R , e N , and e T are the unit vectors from the target at the time of the close approach respectively pointing to opposite direction respect to the Sun, parallel to the angular momentum of its orbit (normal to it), and equal to e N ×e R , the impact velocity is U = U R e R +U T e T +U N e N .
The dynamical/statistical model
A statistical model is required in order to compute all the above statistical information. For bodies whose orbits have no peculiar behavior, as not resonant orbits, the standard dynamical assumptions are:
(1) semimajor axes a, eccentricities e and inclinations I are fixed and do not change in time; (2) mean longitude M, longitude of the node Ω and argument of the perihelion ω of a given orbit are uniformly distributed, meaning that their probability distributions are constant over the interval from 0 to 2π; (3) no correlation exists among the angular elements M, Ω and ω of the orbit of a body; (4) no correlation exists between any angular elements of the target and any angular element of the projectile.
Concerning hypothesis (1), orbital elements a, e and I are supposed not to have secular variations but only small periodic oscillations around mean values. Orbits are assumed to have semimajor axes, eccentricities and inclinations fixed and equal to their mean values. From a dynamical point of view, conditions (2)-(4) mean that the orbits circulate uniformly and independently of each other. The non uniformity of the distribution of the nodes shown in Fig. 3 can be ignored if the computation of the collision probability is performed using the orbital elements with respect to the invariable plane.
In the case of orbits in mean motion resonance with Neptune, the hypothesis (4) no longer holds. It is well known that -for these kind of orbits -a critical angle can be defined as the value that librates around a mean value, or in a more statistical sense, its value is not distributed uniformly between 0 and 2π. For a ( j + k): j resonance, the critical angle is defined as (Malhotra 1996) :
where λ = M + ω + Ω is the mean longitude of the body, ω = ω + Ω is its longitude of perihelion, and λ is the mean longitude of the planet (Neptune, in our case). The mean value of φ is generally (but not always) 0 or π. Regardless the mean value of the critical angle of a single orbit, the difference σ = φ t − φ p between the critical angle of the target and the critical angle of the projectile is not uniformly distributed. This angle can be expressed clearly as a linear combination of the angular elements of the target and the projectile:
If the probability distribution of σ is not uniform it entails that there is some correlation among the angular elements of the target and the projectile, violating condition (4). In this case we modify that hypothesis as: (4') the probability distribution of σ is a given function Ψ(σ). The particular form of the function depends on the dynamics of the orbits and can be extracted from the CFEPS synthetic model data set. An example of distribution of the angle σ is shown in Fig. 5 . The histogram in the figure has been obtained computing the differences of the critical angles φ for all possible pairs of orbits in mean motion resonance 3:2 with Neptune included in the CFEPS model data set. For orbits not in resonance the analogous distribution is flat.
The computational tool
In order to compute the mean intrinsic probabilities of collision and all the required statistical distributions of the relative impact velocities and their components, we use the approach by Dell'Oro & Paolicchi (1998a) , that is the evolution and improvement of the method by Dell'Oro & Paolicchi (1997) . The approach has been successfully used for the computation of the probabilities of impact among some orbits in resonant conditions like the case Jupiter Trojans (Dell'Oro & Paolicchi 1998b) and the case of Plutinos (Dell'Oro et al. 2001) . In the simple case of collisions between two bodies, the computation of the intrinsic probability of collision is based on the numerical evaluation of a surface integral in the space of the six angular orbital elements of the target f t , ω t , Ω t and the projectile f p , ω p , Ω p , where f is true anomaly (see Dell'Oro & Paolicchi 1998a, for details). The integrand function contains, besides other factors, the probability distribution of the six angular elements:
In the canonical case in which the hypotheses (2)-(4) hold, the analytical form of Δ is:
(1 − e (1 + e p cos f p ) 2 (1) expressing in a statistical way the pure Keplerian motions of the two bodies. In the more general situation in which the hypothesis (4') holds, the form of Δ has to be modified as: provided that the Ψ(σ) function is normalized between 0 and 2π. In any case Δ has to be normalized over the six dimensional space [0, 2π] 6 . The dependence on f t and f p in function Ψ is hidden inside the dependence of σ on M t and M p respectively. The function Ψ(σ) is not provided analytically but rather by means of numerical interpolation of the distribution of σ, extracted from the specific sub-population.
With a large number of targets and projectiles, the computation of many such integrals can be time consuming. In this case, a Monte Carlo technique can be used in order to obtain enough accurate results in a reasonable time (see Dell'Oro & Paolicchi 1998a, for details). The distribution of the impact velocity (and of any other kinematic parameter) is obtained as a by-product of the computation of the intrinsic probability of collision.
Results
In order to provide a suitable sketch of the relevant features of the statistics of collisions among TNOs, we have divided our data set into different groups: -ALL: all objects (the combinations of following groups); -ICB: inner classical belt objects; -HMCB: objects belonging to the hot main classical belt; -CMCB: objects belonging to the kernel or stirred main classical belt; -OB: objects belonging to the outer region of the main belt or scattered objects; -N:M: objects in N:M mean motion resonance with Neptune (one group for each resonance).
We investigated the statistics of collisions (i) between the members of each group and the whole background population of potential projectiles (ALL), in order to evaluate the total intensity of the collisional evolution in each group; (ii) the collisions among the members of each group and (iii) the collisions between members belonging to different groups. The results are shown in Tables 2-3 and Fig. 7 . In Fig. 7 the distributions of the moduli of the impact velocity between the members of some groups and the members of the whole population are plotted. In each plot the real distribution is drawn as a bold line, while the superimposed longdashed line corresponds to the Maxwellian distribution that best Table 2 . Statistical impact parameters for the collisions between each group and the overall TNO population (ALL). Notes. The mean intrinsic probability of collision is the upper number and it is given in units of 10 −22 km −2 yr −1 , while the mean impact velocity U is the lower number in brackets and it is expressed km s −1 .
fits the real one. We used the following analytical expression for the Maxwellian distributions:
where parameter p is the abscissa for which the distribution has its maximum value. In some cases (ALL vs. ALL, CMCB vs. ALL and 7:4 vs. ALL) a combination of two Maxwellian distributions has been used:
The parameter p, or p 1 , p 2 and c, are reported in Table 2 , with the most relevant parameters of the velocity distributions and, in particular, the mean value of the moduli of the impact velocities, their standard deviations and the mean values of the moduli of the three components.
In general, the distributions of the relative impact velocities are not exactly Maxwellian. The distributions that best seem to follow Maxwellian distributions are those for collisions between OB versus ALL, and 5:2 versus ALL. In three cases (ALL versus ALL, CMCB versus ALL, 7:4 versus ALL) the distributions can be interpreted as the combination of two unimodal distributions. In the case of the collisions ALL versus ALL, the distribution of the relative impact velocities shows a clear bimodality with two peaks at ∼0.5 km s −1 and ∼1.8 km s −1 corresponding respectively to the contributions of the overwhelming groups CMCB and OB plus HMCB. This does not mean that any object can be impacted with a relative velocity distributed as in the given upper left plot in Fig. 7 . Instead, such distribution should be used only in the case of a collisional evolution model where the entire TNO population is treated as a whole, without following in detail the evolution of each single subgroup. For each subgroup, the corresponding velocity distribution must be used instead. The same holds for the values of the mean intrinsic collisional probabilities listed in Table 2 . The results regarding resonant groups reflect the position of each resonance in the space of orbital elements. In Table 2 resonant groups are listed from the very inner to the very outer ones. Intrinsic collisional probability is very low for 1:1, being those members well separated from the rest of the population. P i grows up to the maximum value for the 7:4 group, that interacts with the core of the TNO population. P i decreases for outer and outer resonances. On the contrary, the mean relative impact velocity has an opposite behavior. It is maximum for the 1:1 group, than it decreases for the closest groups to the core of the belt, and reaches its minimum value for the 7:4 group. For the groups outside the 7:4 mean motion resonance, the mean impact velocity grows because of the larger and larger values of the eccentricities of their members and of interacting projectiles (Fig. 6) . Table 3 reports the mean intrinsic collisional probabilities (in italics) and the mean impact velocity (in bold) for the intra-group and inter-group collisions for the main groups ICB, HMCB, CMCB and OB. It is worthwhile to note that the intrinsic collisional probability among CMCB members is much larger than the intrinsic collisional probability among ICB bodies, even if the former have smaller semimajor axes than the latter. This large difference is due to the different inclination distributions. In fact, the orbital inclinations of the ICB members reach 50 degrees, while the inclinations of CMCB members is generally below 10 degrees. For the same reason, ICB objects have a larger mean impact velocity than CMCB objects.
Discussion and conclusions
We have updated the computation of the probability of collisions among TNOs along with the determination of the distributions of the impact velocities. We computed such parameters for the different dynamical groups the TNO population is subdivided into. The aim of this work is to provide detailed information needed to implement or improve models of collisional evolution of the TNO population. We used as an input the orbital distribution provided by the CFEPS synthetic model, the most recent and updated model of the EKB dynamical structure.
A previous computation of the probability of collisions among TNOs has been done by Dell'Oro et al. (2001) . At that time the number of known TNOs was much smaller than nowadays and no model nor extrapolation for the entire population was available. In that work the statistics of collisions were investigated on the basis of only 46 Plutinos and 140 non Plutinos objects with relatively low orbital reliability. The mean intrinsic probability of collision among Plutinos resulted to be equal to P = 4.44 × 10 −22 km −2 yr −1 and mean velocity of impact 1.44 km s −1 . Our current results are respectively P i = 3.90 × 10 −22 km −2 yr −1 and and |U| = 2.46 km s −1 . The difference is due to the different distribution of the orbital elements of the two samples, in particular regarding inclinations. In the sample of 46 Plutinos the inclinations ranged from 0 to 40 deg, with a mean value around 10 deg, while in our present sample inclinations are between 0 and 60 deg and the mean value is about 20 deg.
Moreover, in Dell'Oro et al. (2001) the probability of collision between Plutinos and non Plutinos was reported to be 3.14× 10 −22 km −2 yr −1 and the mean impact velocity, 1.23 km s −1 . Our present estimations are respectively 1.54 × 10 −22 km −2 yr −1 and 2.10 km s −1 (3:2 versus ALL). Again, the lower value for P i and the larger value for |U| is due to the larger extension of the orbital elements of the impactors.
As an example of the role of the peculiar dynamical behavior of resonant objects on their collisional statistics, we recomputed the probability of collisions among Plutinos without taking into account the factor Φ(σ) in the analytical expression of the function Δ (Eq. (2)). This is equivalent to assume that Plutinos have regularly circulating orbits. The result of this exercise provides a value for the mean intrinsic probability of collision 25% lower than the correct value (2.9 × 10 −22 km −2 instead of 3.9 × 10 −22 km −2 ), while |U| results to be more or less the same (about 2.4 km s −1 in both cases). The correction factor between canonical collisional probability (computed assuming circulating orbits) and non-canonical probability depends on the degree of polarization of the orientation of the orbits and in general increases more and more orbits are polarized (Dell'Oro & Paolicchi 1998a). Obviously, for collisions between resonant and non-resonant objects, the probability of collision is in any case the one provided by the canonical statistics because no correlation exists between the angular elements of the two kind of orbits.
The results presented in this paper may serve as a statistical tool of use in any situation in which the distribution of the relative encounter velocities and the collisional probabilities among TNO populations are needed. For example, these results may be useful for studies of the overall collisional evolution of TNOs, including the possible formation dynamical families and resurfacing processing due to collisions.
